We consider renormalizable theories such that the scattering of dark matter off leptons arises at tree level, but scattering off nuclei only arises at loop. In this framework, the various dark matter candidates can be classified by their spins and by the forms of their interactions with leptons.
I. INTRODUCTION
The standard model (SM) of particle physics is in very good agreement with experiment [1] . The recent discovery of a SM-like Higgs particle at the Large Hadron Collider (LHC) [2, 3] provides further confirmation that the SM is an excellent description of the interactions of the elementary particles up to the weak scale. Nevertheless, there is now compelling experimental evidence that points to physics beyond the SM. Among the phenomena that cannot be accounted for within the SM are the non-zero values of the neutrino masses, and the existence of a baryon asymmetry.
As cosmological data has become more precise, it has become clear that more than 20% of the energy density in the universe is associated with some form of dark matter (DM) [4] .
While very little is known about the precise nature of DM, a large class of well motivated theories involve particles that have interactions of weak scale strength with visible matter.
These include theories where DM is composed of WIMPs, particles of weak scale mass that survive as thermal relics [5, 6] , and some models of Asymmetric Dark Matter [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] (see [18] for a recent review and references).
Several types of experiments are involved in the search for DM. These include direct detection experiments searching for DM scattering events, indirect detection experiments searching for the products of DM annihilation such as photons and neutrinos, and colliders such as the LHC that seek to produce DM. Over the years these experiments have become increasingly sensitive, and their limits now exclude a significant part of the preferred parameter space for many WIMP DM candidates.
With the WIMP paradigm beginning to come under strain, several ideas have been put forward to explain the absence of a signal in these experiments. Perhaps the simplest possibility is that DM is leptophilic, coupling preferentially to leptons rather than to quarks [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] . This can help explain the null results of each of the different classes of experiments.
Since the scattering of DM off nuclei now arises only at loop, the constraints from direct detection are weaker [27] . Because the LHC is a hadron collider, the production of particles that do not have significant couplings to quarks or gluons is suppressed, and the resulting limits are again relatively weak. The limits on leptophilic DM from indirect detection also tend to be less severe. Since the average number of photons produced in DM annihilation to electrons and muons is much smaller than in the case of hadronic final states, the constraints from continuum photons are in general weaker, for example [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] . Limits on DM from gamma ray lines tend to be significantly weaker than the limits from continuum photons, as may be seen from model independent analyses [46, 47] and are therefore easily satisfied.
Although constraints from positron flux measurements are stronger for annihilations into electrons and muons, scenarios where leptophilic DM emerges as a thermal relic remain viable [48] [49] [50] [51] [52] [53] .
In general, DM candidates that couple directly to SM leptons with weak scale strength are expected to have a significant impact on the anomalous magnetic moment of the muon, a µ [54, 55] . It may therefore be possible to obtain a tighter constraint on leptophilic DM from the existing precision measurements of a µ than from the experiments considered in the previous paragraph. Furthermore, with the reduction of experimental and theoretical uncertainties in the determination of a µ , a 3σ discrepancy between the two has remained.
The discrepancy is given by ∆a µ ≡ a Exp µ − a SM µ = 28.7(6.3)(4.9) × 10 −10 [1, [56] [57] [58] [59] [60] [61] , where the errors shown represent the experimental and theoretical uncertainties, respectively. The theoretical error is dominated by hadronic contributions [62] [63] [64] [65] [66] [67] (further references and reviews can be found in [68, 69] ). The total uncertainty including both the experimental and theoretical contributions is given by δa µ ≡ 8.0 × 10 −10 . If this observed anomaly is a consequence of new physics, a very interesting possibility is that it is associated with the interactions of leptons with DM. It is therefore important to identify theories of DM that can give rise to such a signal.
In this paper we consider the contributions to the anomalous magnetic moment of the muon in theories of leptophilic DM. We focus on renormalizable theories where the scattering of DM off leptons arises at tree level, but DM scattering off nuclei only arises at loop. We also assume that the interactions of DM respect CP so that there are no corrections to the electric dipole moments of the leptons. In such a framework, the various DM candidates can be classified by their spins and by the forms of their interactions with leptons. For each case, we determine the corrections to a µ that arise from these interactions. We then apply these results to several specific simplified models of DM. For concreteness, we focus on theories where the DM candidate couples universally with equal strength to all 3 flavors of SM leptons.
When the DM candidate reduces the tension between the predicted value of a µ in the SM and the experimental measurement, we highlight the region of parameter space favored to completely remove the discrepancy. Conversely, when agreement with experiment is worsened, we place limits on the parameters of the corresponding simplified model. These bounds and favored regions are compared against the experimental constraints on the simplified model from direct detection and collider experiments. We find that although these constraints are severe, there do exist limited regions of parameter space in these simple theories that can explain the anomaly in a µ while remaining consistent with current experimental bounds.
In section II we begin by calculating the leading one loop contributions to a µ that arise from renormalizable theories of leptophilic DM. In section III we determine the bounds on this scenario from direct detection and in section IV from LEP. These results are applied to specific simplified models of DM in section V.
II. CONTRIBUTIONS TO a µ
In this section we consider the contributions to a µ from different theories of leptophilic DM. Our focus is on renormalizable theories where the scattering of DM off leptons arises at tree level. These theories can be separated into two broad categories depending on whether the particle that mediates the scattering of DM off leptons is neutral or electrically charged.
These two classes of theories are shown in Fig. 1 .
Two possible channels of DM to muon scattering through a mediator ϕ. In (a) ϕ is electrically neutral and in (b) it is charged.
These interactions can also affect the anomalous magnetic moment of the electron a e .
However, if the new physics couples universally to all the different flavors of leptons, its contributions (henceforth denoted asâ) to a e are much smaller than to a µ and are therefore expected to easily satisfy the experimental bounds. The one important exception to this statement is the case of very light neutral mediators. Indeed, in analogy with QED, the one-loop contribution to the anomalous magnetic moment from a massless neutral mediator is equal for both electrons and muons.
In other cases, the one-loop new physics contributions to a e can be obtained from a µ simply by replacing the mass of the muon with the mass of the electron. In the models we consider, this amounts to multiplying the result by m 2 e m 2 µ ≈ 2 × 10 −5 . Note that the current uncertainty in a e is δa e = 0.8 × 10 −12 [1, 70] , where the dominant uncertainty arises from the measurement of α, the fine structure constant. The relative sensitivity of the two measurements can then be seen aŝ
We see that even though it is a more precise measurement, at present a e is not as sensitive a probe of new physics as a µ , except for very light mediators.
A. Charged Mediator Diagrams
We begin by considering the case of DM-lepton scattering through a charged mediator, as shown in Fig. 1b . This scenario encompasses several different theories. In this section, it is convenient to group the different theories by the form of the interaction rather than by the type of DM. For instance, the term
describes a renormalizable interaction between the muon, a massive fermion F and a massive vector V ν . Depending on the model, either F or V µ constitutes the DM. The leading contribution to a µ from interactions of this form arise from The other charged mediator interaction is of the form
where S denotes a massive scalar. This leads to the diagram shown in Fig. 3a if the DM is a fermion, or to the diagram shown in 3b if the DM is a scalar.
In the diagrams considered in this subsection the mediating particle is necessarily electrically charged. Therefore, if the mediator is a fermion it must be Dirac, while if it is a scalar or a vector, it must be complex. No such restriction applies to the DM particle. Therefore, if the DM is a fermion it could be either Majorana or Dirac, while if it is a boson it could either real or complex.
The contributions to a µ from these diagrams have been calculated exactly in [71] and [72] . However, as the mass of the DM m DM and the mediator m Med are expected to be much larger than the mass of the muon m µ , the leading order effects can be most clearly seen by expanding the results in powers of the small parameter ε ≡ m µ /m Med . A shorthand designating the ratio r ≡ m DM /m Med will also be used.
We first give the contributions involving the massive vector. From Fig. 2a we obtain
One loop contributions to a µ involving a massive scalar S and massive fermion F .
In (a) the DM is fermionic while in (b) it is a scalar.
while from Fig. 2b we find
The contributions from the scalar interactions in Figures 3a and 3b are respectivelŷ
In all of the above relations the r dependent functions contained within the square brackets are never negative and hence never change the sign of the contribution. Therefore, in each case the sign of the correction to a µ is completely determined by the relative sizes of a and b. An interesting feature pointed out by [73] in the context of supersymmetric theories, but which is completely general, is that the contribution to a µ from a coupling to the muon that respects chiral symmetry, a = ±b, is suppressed by order ε relative to the results of an interaction that violates this symmetry.
B. Neutral Mediator Diagrams
We now consider DM-lepton scattering mediated by a neutral particle, as shown in Fig.   1a . The interactions between the muon and a vector or a scalar mediator are of the same form as in (2) and (3) respectively, but with the fermion F replaced by a muon µ. Because the contributions to a µ in these models are insensitive to the nature of the DM particle, we simply label the contributions by the spin of the mediator, i.e.â The interactions of the neutral mediator models are nearly identical to the charged mediator models, and in principle the exact expressions from the calculation above can be adapted for this case. However, the expansion in terms of the ratio of the muon mass to the charged particle running in the loop, in this case the muon itself, is obviously not valid here.
We continue using ε to denote the ratio of masses of the muon and the neutral mediator, and present the leading order result in this parameter,
Notice that the contribution from interactions that respect chiral symmetry is no longer suppressed by an additional power of ε relative to the contribution from couplings that violate this symmetry. In the case of a scalar mediator, the chiral symmetry violating effects are only logarithmically enhanced, while in the case of a vector mediator they are of the same order. When the mediator is lighter than or comparable in mass to the muon, the small ε approximation does not apply, and we use the full expressions for our numerical analysis of constraints.
The muon g − 2 is sensitive only to couplings of the DM and mediators to the muon.
However, other constraints depend on the flavor structure of the couplings to all leptons.
Therefore, to compare the muon g − 2 with these limits, we must make some assumptions about the flavor structure of the models under consideration. The non-observation of flavorchanging processes in charged leptons puts strong constraints on the couplings of DM to leptons. We assume that each lepton couples to the DM candidate flavor diagonally and with universal strength. Accordingly, we assume that there is a separate charged mediator corresponding to each lepton flavor, and that there is no mixing between different flavors of mediators. Another possibility that also satisfies flavor bounds, but which we will not consider in this paper, is to have a separate DM species corresponding to each flavor of lepton, but only a single mediator [74] .
III. LIMITS FROM DIRECT DETECTION
In this section we determine the limits on leptophilic DM from direct detection experiments. In these theories scattering off nuclei only arises at loop level. Therefore, we expect that the direct detection bounds will most significantly constrain theories where DM-nucleon scattering is spin-independent, and arises at one loop. In our analysis we use the recently released LUX results [75] to generate the bounds.
In Fig. 5 we see the leading contributions to a DM particle χ scattering with a nucleus N , arising from a photon exchange. In general, the direct detection cross section receives contributions from all the SM leptons running in the loop. As stated above, we focus on theories where the couplings of DM to the SM leptons are universal and flavor diagonal.
The velocity of incident DM particles is expected to be small (v/c ∼ 10 −3 ), which implies that the momentum transfer in direct detection experiments will be of order 10-50 MeV.
Since the momentum transfer in this process is so small, it is convenient to work in an effective theory with the charged particles in the loop that mediate scattering integrated out. The effective theory will be consistent provided that the momentum transfer in the scattering process is smaller than the mass of the particles in the loop. Although this condition is not strictly satisfied in the case of the electron, it is straightforward to correct for this. In the case of charged mediators, in the effective theory the DM candidate couples directly to the photon through an effective vertex.
Similar considerations apply to the neutral mediator case, provided the mass of the neutral mediator is more than the typical momentum transfer. Of course, since DM-nucleon scattering arises via mixing of the mediator with the photon, only the neutral vector contributes. The mixing is radiatively generated by a loop diagram that involves particles charged under both the photon and the new vector boson. At low energies, the only particles in the loop that contribute to mixing are the charged leptons of the SM. The loop diagram is logarithmically divergent, and needs to be regulated. For concreteness, we assume that the diagram is cut off at a scale Λ V , which we take to be of order the weak scale.
After integrating out the mediator and the charged leptons, the DM again couples to the photon through an effective vertex at low energies.
The case of very light neutral mediator (m 30 MeV) is slightly more subtle. We can no longer integrate out the mediator for typical scattering at direct detection experiments.
In this case, it is more convenient to eliminate the mixing between the mediator and the photon by a redefinition of the photon field, which leads to a direct coupling of the SM quarks to the neutral mediator. This translates into a tree-level interaction of the DM with quarks in the low energy theory, mediated by the new vector boson.
It follows that the direct detection bounds can be translated into limits on the effective operators that couple DM to the photon, and then into constraints on the parameters of the theory. These constraints are expected to be most significant for theories that give rise to effective operators that generate spin-independent DM-nucleon scattering at one loop.
In what follows we consider the DM candidates of different spins and identify the relevant effective operators that lead to spin-independent DM-nucleon interactions. Those theories with no such operator are not expected to be significantly constrained by the current limits from direct detection.
The effective operators generated by integrating out the particles in the loop respect the symmetries of the underlying theory. Therefore, we need only consider effective operators that respect these symmetries. In particular, since we are restricting our discussion to interactions that are invariant under CP , we need only consider effective operators that respect CP .
A. Self-conjugate particles
It can be shown quite generally that in the case of self-conjugate (real scalar, Majorana fermion, real vector) leptophilic DM, the direct detection signals are suppressed. A selfconjugate particle couples to a single photon only through an anapole moment [76] [77] [78] [79] [80] [81] . In particular, for CP -conserving interactions, the scattering amplitude of the DM particles with the quark electromagnetic current (qγ µ q) can be written in the following form,
Here p 1 and p 2 are the incoming and outgoing DM momenta respectively, and k = p 2 − p 1 is the momentum transfer. The quantity s µ depends on the spins and momenta of the incoming and outgoing DM particles. As an example, for a Majorana fermion,
. The second term above does not contribute to the scattering process (due to Ward identities). The k 2 in the first term cancels against the photon propagator, giving rise to a contact interaction with the quark current. For direct detection, this implies that the scattering amplitude with the nucleus is given by
Since the anapole moment is P -odd (a symmetry respected by the electromagnetic coupling), it follows that this contact interaction will lead to p-wave scattering amplitudes that are suppressed in the non-relativistic limit. Therefore, we expect that the direct detection constraints on self-conjugate DM particles coupling to the nucleons via a photon will be relatively weak.
These conclusions may also be directly obtained from a study of the possible effective operators. We limit ourselves to operators of dimension up to six. It is easily seen that there are no operators that couple real scalar DM to a single photon. Such an operator would schematically contain two DM field factors χ 2 , the photon field strength F µν (or its dual), and derivatives. The antisymmetry of F µν , however, makes any operator of this type vanish identically.
As is well-known, the bilinearsχγ µ χ andχσ µν χ both vanish identically for Majorana fermions. The only surviving bilinear is proportional toχγ µ γ 5 χ which gives velocity suppressed matrix elements with the electromagnetic current of the nucleus.
Finally for real vector DM the dimension four operator χ µ χ ν F µν vanishes by the antisymmetry of the Maxwell tensor. We can apply two derivatives as in the real scalar case, but find that the resulting operator violates CP . This leads us to consider the operator
Note that any other choice of contraction of indices vanishes either due to the antisymmetry of ε µνσρ or the on-shell constraint ∂ α χ α = 0. The resulting amplitude is
where the ν (p) are polarization vectors of χ ν . The k σ k α suppression is overcome by the photon propagator. However, the epsilon-tensor contraction of (p 1 +p 2 ) withqγ µ q vanishes in the limit that the velocities of the incoming particles tend to zero. Therefore, this amplitude is suppressed in the non-relativistic limit.
We conclude that leptophilic DM particles which are real scalars, Majorana fermions or real vectors are not generally expected to be significantly constrained by direct detection searches. The DM candidates that give rise to sizable spin-independent cross sections in the non-relativistic limit are complex scalars and Dirac fermions. We study those cases in more detail.
B. Complex scalar DM
If the DM is a complex scalar there is a non-vanishing effective operator, namely
Note that if we replace F µν by F αβ ε αβµν the corresponding operator is odd under CP . From O S we find the complex scalar DM contribution to the direct detection amplitude,
where the sum over q denotes a sum over quark bilinears, p 1 and p 2 the DM momenta before and after scattering, and Q is the charge each quark in units of e.
C. Dirac fermion DM
For a Dirac fermion DM, the lowest dimension operator we can write down which preserves CP and gauge invariance is
However, this effective operator violates the chiral symmetry associated with χ, and will not be generated in theories where the couplings of DM respect this symmetry. When present this operator leads to the amplitude
where k = p 2 − p 1 is the momentum transfer. This amplitude gives rise to dipole-charge and dipole-dipole interactions between the DM and the nucleus [82, 83] . The dipole-charge interaction is enhanced by the atomic number Z for heavy nuclei, and hence dominates. It is important to note that the recoil spectrum arising from this interaction is distinct from that of the familiar contact interaction, and simply scaling the WIMP-nucleon cross section limit does not give accurate results in this case.
In the simplified models we consider, the dominant contribution arises at dimension six.
At this order, we have two possible CP -even operators,
where the factors of i have been chosen to make the effective theory coefficients c and d
real. These operators were considered in Appendix A of [74] for the case of charged scalar mediator.
The above operators lead to the amplitudes
where we have neglected velocity suppressed terms. Notice that O 2 leads to interactions of the charge-charge, dipole-charge and dipole-dipole form. We use the charge-charge interaction to set limits. The generic amplitude for this can be parametrized as
Since the argument of logarithm is large, a leading-log approximation (as employed in [27] ) suffices to place limits on these models.
D. Neutral vector mediator
We take a brief detour to consider the case of the neutral vector mediator separately, since it has a few distinct qualitative features. We choose the case of Dirac fermion DM for illustration. To begin, we assume that both the mediator and the leptons are heavier than the typical momentum transfer at direct detection experiments. This is obviously not correct for the electron and very light mediators, and we will subsequently correct for this.
We first consider the case where the mediator is heavier than all the leptons. Just above the scale of the mediator mass, the relevant terms in the effective Lagrangian are given by,
Since the leptons are charged under both the A µ and V µ , they contribute to the kinetic mixing between the photon and the neutral mediator at one loop. To set conservative limits, we assume that this constitutes the dominant contribution to˜ , so that˜ in the leading log approximation is given by,˜
For concreteness, we take the cut-off Λ V to be 1 TeV.
The mediator can be integrated out using its equation of motion.
Thus, below the mediator mass, the relevant terms at leading order are
With this Lagrangian, the DM couples to the photon through the higher dimensional operator directly, but also via a loop of leptons. The second contribution is logarithmically divergent, which is to say that the coupling of DM to photons continues to run. Below the mass of the leptons, we are only left with,
The coefficient includes logarithms from running between Λ to m V , as well as m V to m l .
In fact, from the full theory calculation these terms are easily seen to combine into a single logarithm of the ratio of scales m /Λ V .
If the mediator is lighter than the leptons, then the effective Lagrangian below the lepton masses contains a kinetic-mixing of the mediator with the photon.
where is defined in Eq. (28) . Below this scale, the DM coupling to photons does not run.
One the mediator is integrated out, we again generate the same operator as above.
Thus, we see that the effective operators generated in the neutral mediator case have the same form as in the charged mediator case, and hence the results from that analysis can be applied here as well.
We finally address the assumption that the leptons and the mediator masses are heavier than the momentum transfer in direct detection experiments. At LUX, the momentum transfer corresponding to the energy thresholds is around |q| ∼ 30 MeV. Therefore, the logarithms appearing in the expression for , Eq. (28), are cut off by |q| in the case of the electron, rather than by the electron mass.
If the neutral mediator mass is below the typical scattering energies, |q| ∼ 30 MeV, it cannot be integrated out. However, we can eliminate the kinetic mixing in Eq. (29) purposes.
E. Limits
The differential cross section for charge-charge interactions takes the form
where Z is the charge number of the nucleus and F ( k 2 ) is the charge form factor of the nucleus. The quantity λ is the coefficient of the charge-charge interaction operators in Eqs.
(15) and (22) . This expression applies to both cases above.
In order to make connection with experimental limits, we evaluate the zero momentum transfer cross section, which is obtained by integrating (31) evaluated at k = 0.
where µ N is the reduced mass of the DM-nucleus system. Further, since limits are reported in terms of the DM-nucleon cross section, we rescale the DM-nucleus cross section,
where µ n is the reduced mass of the DM nucleon system and A is the number of nucleons in the nucleus. Thus, given an effective Lagrangian, limits can be placed on λ using (33).
In section V, we calculate the coefficient λ in the context of a set of simplified models, and use the equation above to place limits on the parameter space.
IV. COLLIDER CONSTRAINTS
In this section we study collider constraints on leptophilic dark matter models. In our analysis, we assume that the DM candidate couples with equal strength to all three flavors of leptons. In this scenario, DM particles can be pair-produced at LEP, in association with hard initial state radiation and significant missing transverse energy. This is called the monophoton signal. Existing analyses focus on the case of fermionic DM [84] .
Neutral mediators can be resonantly produced at LEP and other e + e − colliders if they are light enough. If they are heavier than 208 GeV, the LEP energy threshold, the LEP limits on four-lepton operators apply, the so-called "compositeness bounds" [1] . Charged mediators can be pair-produced at colliders. Studies of direct slepton pair-production can be translated into limits on these models. In general, these constraints on parameter space are comparable to, and often stronger than, the restrictions from a µ .
A. Neutral mediators
Compositeness bounds from LEP
Models with neutral mediators heavier than 208 GeV are constrained by severe limits on four-lepton contact operators, the compositeness bounds [1, 85] . These operators are generated at tree-level when the neutral mediator that couples the DM to leptons is integrated out. The bounds are expressed as limits on the new physics scale Λ that appears as the coefficient suppressing these higher-dimensional operators. The operators can be parametrized
where coefficients η characterize the relative contributions of different chiralities. The factor δ is 1 when = e and 0 otherwise. We now write the neutral mediator models in the form of (34) for ease of comparison.
When the mediator is a vector V µ we have the interaction
where λ is a real parameter and φ a mixing angle that parametrizes the relative strengths of vector and axial-vector interactions. This leads to the effective operator
We compare the above operator with the bounds given in [87] for the pure vector φ = 0 and pure axial vector φ = π 2
cases. The combined bounds from all leptons (assuming flavor universality), e + e − → + − , leads to the most stringent constraints. The sign of the fourlepton operator coefficient is relevant due to its interference with the SM background. The coefficient of all the operators that we consider is negative, hence the Λ − bounds reported in [87] are relevant, and are shown in table I.
For a spin-0 mediator ϕ, we treat the scalar and pseudoscalar interactions separately.
The interaction Lagrangians are
where λ is, in general, complex. The only resulting effective operator which fits the form of (34) is identical in both cases,
Thus, for both the scalar and pseudoscalar interactions we can use the combined Bhabha scattering bound from the recent results [87] (see also [88] ).
In obtaining these limits we have assumed that the mass of the neutral mediator is larger than the center-of-mass energy of the collisions. Therefore, if the mediator is lighter than the LEP CM energy, 208 GeV, the bounds obtained from compositeness are not directly applicable.
Resonant production at LEP
When the mass of the mediator is below the LEP threshold, 208 GeV, it can be resonantly produced. It can subsequently decay into pair of leptons with a characteristic Breit-Wigner resonance shape in the lepton pair invariant mass distribution. These bounds can be ameliorated by forcing the dominant decays of the mediator to invisible or otherwise hidden final states. This typically requires introducing significant complexity to the new physics model.
There are no available model independent studies for a leptophilic Z model at LEP. Limits exist in the context of specific models, which assume a specific pattern of couplings [87] .
A Z of mass less than 209 GeV is ruled out unless the coupling is less than about 10 −2 . A general analysis is likely to lead to a much stronger limit. However, this conservative limit itself will be seen to be the strongest constraint for mediator masses as low as a few GeV.
Light neutral mediators
If the neutral mediator is very light, then even a small coupling with the leptons can give observable effects in (g − 2) µ . Such light mediators have a variety of constraints, which we briefly review here. For a more detailed treatment of this topic, we refer to a recent review [89] .
High intensity electron beams are dumped on to fixed targets. The SM particles are stopped in a shield, but very weakly interacting neutral mediators can escape this shield and their decays to pair of leptons can be observed. The beam dump experiments at Fermilab and SLAC [90] [91] [92] have been reanalyzed in the context of light neutral mediators [93] . The constraints apply for a range of couplings -small enough to escape the shielding but large enough to yield an appreciable decay rate.
High luminosity e + e − colliders can produce the neutral mediator radiatively e + e − → φγ, where φ is the neutral mediator [93] [94] [95] . The decay φ → µ + µ − provides the strongest constraint for mediator masses between several hundred MeV and a few GeV. We use the reinterpreted constraints derived from BaBar data performed in [96] , which was carried out for a vector mediator. For the same value of coupling, the spin-0 mediator production cross section within the acceptance region is lower by roughly a factor of two. We scale the limits on the coupling of the spin-0 neutral mediator appropriately to reflect this fact.
The electron g − 2 measurement is also sensitive to light neutral mediators and provides the strongest bounds on this scenario for mediator masses between a few MeV and several hundred MeV. A number of proposed experiments aim to probe the region of weakly coupling light mediators in the future.
B. Charged mediators

Monophoton searches at LEP
For DM masses less than half of the LEP center of mass (CM) energy, pairs of DM particles can be produced in association with a photon, e + e − → χχγ.
The existing monophoton analyses focus only on fermionic DM, with the mediator heavier than the LEP threshold. Thus, these analyses put constraints on four-fermion contact operators involving the electron and DM fields using experimental limits on the process e + e − → χχγ. The present limits in the literature only apply to a restricted set of operators.
For the simplified models that we will consider, the following Fierz rearrangements will be relevant,μ
Of the four contact operators that appear after these rearrangements only the first two (vector-vector and axial vector-axial vector) are considered in the LEP analysis. We therefore use the more stringent of these two (the vector-vector term) for Dirac DM. In essence, we are assuming that interference between the terms will not affect the bound significantly. For
Majorana DM the vector bilinear vanishes identically and so we use the axial vector-axial vector bound.
Collider limits on charged mediators
Current collider limits exist only for scalar mediators. LEP rules out charged mediators lighter than about a 100 GeV. The charged scalar mediators can also be pair-produced at the LHC, each of which then decay to a lepton and DM. The signature is then a pair of opposite-sign, like-flavor leptons with missing transverse energy. After Run 1, LHC puts constraints on the production of charged scalars. The relevant bounds are presented in the context of supersymmetry, for pair production of sleptons -charged scalars carrying flavor.
These analyses directly apply to charged scalar mediator case [97] . The relevant bounds for the models we consider are the "right-handed slepton" bounds, where the scalar does not carry SU(2) quantum numbers. In the case where the scalar mediator carries SU(2) charge is more strongly constrained due to its enhanced production cross section. The bounds also depend on the DM mass, and get weaker in the region where the dark matter mass is close to the mediator mass due to reduced missing transverse energy.
V. ANALYSIS OF SIMPLIFIED MODELS
In this section we consider specific simplified models of leptophilic DM. We classify the different theories based on the spin of the DM, the spin and charge of the mediator, and the form of the interaction. A similar approach for couplings of DM to quarks was adopted in [98, 99] , and more recently in [100] [101] [102] .
For each simplified model the parameter space can be separated into regions favored or disfavored by their effects on ∆a µ . When applicable, limits from direct detection and collider experiments are also considered. It is convenient to present the results in terms of the parameter Λ, defined as m Med /λ, where m Med is the mediator mass and λ the mediator couplings to leptons.
When the contribution to a µ is negative the tension between theory and experiment is increased. In this scenario, we require the new physics contribution to a µ be no larger than twice the uncertainty in ∆a µ . In other words, we require that the "wrong sign" contributions be indistinguishable from the combined experimental and theoretical uncertainties at two standard deviations, |â µ | ≤ 2δa µ . As δa µ is reduced these bounds become stronger.
When the sign ofâ µ is positive the DM contribution improves the agreement between theory and experiment. In these cases we identify the region of parameter space that eliminates the discrepancy, so that a µ agrees with the experimentally measured value to within 2δa µ . Specifically, we shade regions between theâ µ values of 44.7 × 10 −10 and 12.7 × 10 −10 .
In these cases, as δa µ is reduced these bands become more narrow about their central values. then the muon mass. Further, it allows us to limit our analysis to simplified models where the DM couples only to the right-handed muons. In the subsequent formulae we will set
, with the choice of sign corresponding to the right-handed chiral projectors for muons. Then, it can be seen from equations (4)- (7) that each of the charged mediator a µ contributions is a function of three dimensionless parameters, namely ε, r and λ, and appears with a definite sign.
In the case of neutral mediators, the contribution to a µ depends only on the coupling of the mediator to the muon, and is independent of the form of the interactions of the mediator with DM. The limits on neutral mediators from the LEP compositeness bounds are also independent of the coupling to DM. In general, we find that the compositeness bounds are much more restrictive than the monophoton bounds. Therefore, except in those cases for which the direct detection bounds are relevant, the limits on scenarios with a neutral mediator are independent of the details of the DM candidate. We now turn to analysing each simplified model in detail.
A. Real Scalar Dark Matter
Charged Mediator
We begin with the case of a real scalar DM candidate χ and a charged mediator F , which is a fermion. The relevant interaction is
Employing (7) to obtain the contribution to a µ we find
with r = m χ /m F .
In Fig. 6 we plot the region of parameter space for which this model removes the g − 2 anomaly to within 2σ. This scenario is not significantly constrained by the current limits The gauge quantum numbers of the fermion F , and the associated collider signals, are identical to those of a slepton in supersymmetric theories. The limits on the slepton mass from direct slepton pair production at LEP stand at about 100 GeV. There exist stronger bounds from the LHC for light DM masses [97] . Given that the pair production cross section is generally larger for fermions than for bosons, it is quite likely that the limits on the mass of F are at least at the same level. This would imply that the region of parameter space where the g − 2 anomaly is explained is disfavored by LEP, unless the coupling λ is large, λ 1. However, a more careful analysis is required in order to validate this conclusion. We leave this for future work.
Neutral Spin-0 Mediator
We now turn to the case of a real spin-0 neutral mediator, S. A few comments are in order. Clearly, a coupling of the form¯ S is not consistent with gauge invariance under SM SU(2) if S is a singlet. In principle, this problem can be avoided if S arises as a linear combination of the SM Higgs and a singlet, but the theory would no longer be leptophilic since S would also couple to quarks.
A potential UV completion is to add to the theory a heavy scalar SU(2) doublet H which has no VEV, and couples only to leptons. After electroweak symmetry breaking the neutral components of H can mix with a real singlet scalar S via a coupling with the SM Higgs H.
A light state S with couplings to leptons can then emerge as a linear combination of the singlet S and the neutral components of the doublet H. The relevant interactions have the schematic form
where L is the SU(2) doublet SM lepton and E the SM singlet. The CP transformation properties of S depend on whether the coupling κ is real or complex. We assume for concreteness that the coupling matrixλ is universal and flavor diagonal in the lepton mass basis.
The form of the low energy Lagrangian depends on the CP properties of the scalar S. For real scalar DM, there is no CP -conserving coupling of the DM with a single pseudoscalar at the renormalizable level. Thus, we only consider the scalar mediator in this case. The
Lagrangian is of the form
Using (9) we find the leading contributions to a µ for the scalar mediator. The contribution is written as
In Fig. 7 we plot, over a range of mediator masses, the region of parameter space favored by the scalar interaction. We also plot the corresponding compositeness bound from LEP for heavy mediators. We also show bounds from resonant production at LEP and at BaBar for lower mediator masses. We see from the figure that these constraints rule out the region of parameter space where the scalar interaction can account for the observed discrepancy in a µ , except a small region of parameter space where the mediator is light, between about 10
MeV and 300 MeV. This scenario is not significantly constrained by current direct detection experiments.
The case of a neutral vector mediator need not be considered. The reason is that in a renormalizable theory, real scalar DM cannot couple to a spin-1 neutral mediator without violating CP . There is therefore no simplified model of this type that meets our criteria.
B. Complex Scalar DM
Charged Mediator
We proceed to complex scalar DM χ. As before, we begin with a charged fermion, denoted by F , as the mediator. The interaction Lagrangian takes the form
As in the case of the real scalar (7) leads to 
where α is the fine structure constant. In this calculation we have worked to zeroth order in the small parameter k 2 /m 2 , except in the case of the electron loop. For this diagram, we instead work to zeroth order in m 2 e /k 2 , and this leads to the dependence on |k| of the final result. When bounds are set we use the value |k| =30 MeV.
In Fig. 8 we have overlaid these bounds on the region of parameter space which for which this model removes the g − 2 anomaly to within 2σ. The three bands shown in the figure correspond to mediator masses of 250 (black), 400 (green), and 600 GeV (brown). We see that the direct detection limits exclude almost the entire region, unless the DM mass lies below about 5 GeV. We further expect that a recast analysis will show that the limits on direct slepton searches at LEP disfavor the entire band, except for fairly large values of the 
Neutral Spin-0 Mediator
Next, we consider a spin-0 neutral mediator S. The interaction Lagrangian is of the form
for scalar mediators.
Since the direct detection constraints on this scenario are not significant, the analysis for neutral spin-0 mediators performed for the real scalar DM applies to this case as well. The results are shown in Fig. 7 .
Neutral Spin-1 Mediator
In the case of a neutral spin-1 mediator V ν , the interaction Lagrangian takes the form
Then (8) Over the domain of φ, this expression takes on both positive and negative values. We choose two specific cases, φ = 0, vector coupling and φ = π/2, the axial vector coupling, as benchmarks. There are also additional constraints from direct detection. Axial vector mediators give no contribution, so these bounds only apply to the vector (φ = 0) case. The DM-nucleon scattering amplitude can be expressed in the form of Eq. (31). In the leading logarithm approximation we obtain
Here Λ V is the scale at which the logarithmic divergence is cut off. For concreteness, we take Λ V = 1 TeV.
In Fig. 9 we show the favored band of parameter space for the vector case, and compare it to bounds from direct detection, and from resonant collider production. We see that the entire region of parameter space that explains the anomaly in a µ is excluded by direct detection experiments if the DM particle is accessible to them (m DM 5 GeV). Otherwise, a small window of mediator masses between about 10 and 300 MeV is still allowed. For the axial-vector, the direct detection bounds do not apply, therefore the muon g−2 measurement
is the most sensitive in the same mediator mass range.
C. Majorana DM
Charged Spin-0 Mediator
Turning to fermionic DM we begin by considering a Majorana fermion χ whose interactions with leptons are mediated by charged scalars φ l . The interaction Lagrangian takes the
The contribution to a µ can be obtained from (6) and leads to the relation
where r = m χ /m φ . The sign of the contribution increases the tension between theory and experiment. This implies that a µ can be used to place limits on this model. The bounds on this model from direct detection are not expected to be significant. There are constraints, however, from the LEP monophoton searches. We compare these limits to those arising from a µ in Fig. 10a . The three dashed lines correspond to 250 GeV (black), 400 GeV (green), and 600 GeV (brown) mediators.
From the figure we see that as the mass of the mediator increases the monophoton limits become weaker, and eventually become less sensitive than the bounds from a µ . The g − 2 bound restricts Λ to be greater than 75 GeV when r = 0.5 and greater than 85 GeV when r = 0.1. Note, however, that the spin and gauge quantum numbers of S, and its decay modes, are identical to those of a slepton in supersymmetric theories. Therefore, the righthanded slepton bounds from LEP and the LHC apply, and are shown in Fig. 10b . For λ = 1, the lower bound on the slepton mass from LEP and the LHC provides a stronger constraint on this model than a µ .
Charged Spin-1 Mediator
Next, we consider mediation by charged vectors V ν l . The interaction Lagrangian is given by 
where r = m χ /m V . This expression can be used to determine the region of parameter space favored to remove the g − 2 anomaly. While the direct detection bounds on this model are not expected to be significant, there are constraints from LEP monophoton searches that we compare to this favored region in Fig. 11 . In the figure the LEP monophoton bounds are plotted for 250 GeV (black), 400 GeV (green), and 600 GeV (brown) mediators. We see from the plot that the values of Λ between 165 and 285 GeV fall within the favored band.
Within this range LEP bounds disfavor DM masses lighter than about 15 GeV, but there remains a significant region of parameter space that can explain the discrepancy in a µ .
Neutral Spin-0 Mediator
When mediation occurs through a neutral spin-0 particle S, the Lagrangian takes the
We only consider the scalar mediator since there is no CP -conserving coupling of a pseudoscalar to a Majorana fermion at the renormalizable level. While the current limits from direct detection on leptophilic Majorana fermion DM are weak, the other limits on a neutral scalar mediator continue to apply. The results in Fig. 7 again show the most stringent bounds.
Neutral Spin-1 Mediator
If the interaction is mediated by a neutral massive spin-1 particle V ν , we have for the interaction Lagrangian
The results are identical to those for a neutral spin-1 mediator coupling to complex scalar DM, except that the direct detection constraints from that case no longer apply. We plot the results in Fig. 12 . For axial-vector couplings, the results derived for complex scalar DM apply directly, and are shown in Fig. 9(a) . In the case of a charged scalar mediator the interaction Lagrangian takes the form
with a lepton and φ a heavy charged scalar.
The contribution to g − 2 can be obtained from (6) , and leads to the relation
where r = m χ /m φ . Although the sign of the contribution implies that this theory cannot explain the discrepancy in a µ , it can be used to set bounds on the allowed parameter space.
These limits are compared with those derived from LEP monophoton searches (dashed curves) and direct detection (dotted curve) in Fig. 13a . The color of the curves denotes the mass of the mediator, the labelling being 250 GeV (black), 400 GeV (green), or 600 GeV (brown). Additionally, the right-handed slepton bounds from LEP and the LHC also apply, and are shown in Fig. 10b .
The constants c and d in (20) and (21) were determined in [74] by matching from the full theory. They lead to
A calculation in the effective theory with only the mediator integrated out (performed for this model in [27] ) suffices to determine the leading log behavior of λ, and is a very good approximation to the full result.
We see from the figure that the direct detection bounds are much stronger than those arising from a µ , except in the region of very small DM masses, where the limits from monophoton searches are the strongest.
Charged Spin-1 Mediator
If the mediator is a charged vector the interaction given by
The contribution to the anomalous magnetic moment of the muon can be obtained from (4) , and leads to the relation
where r = m χ /m V . This can be used to determine the region of parameter space favored to explain the anomaly in a µ .
For direct detection, the scattering amplitude in the leading logarithm approximation is found to be
where as before the γ ν γ 5 terms is velocity suppressed so we neglect it. We therefore obtain
The bounds from direct detection (dotted) and LEP monophoton searches (dashed) are compared to this favored region in Fig. 13b . The limits are plotted for 250 (black), 400
(green), and 600 GeV (brown) mediators. We see that values of Λ between 165 GeV and 285 GeV can explain the anomaly in a µ . However, the LEP and direct detection bounds for this range of mediator masses leaves only r values smaller than 0.05 unrestricted, so that the DM mass is favored to be less than about 10 GeV.
Neutral Spin-0 Mediator
When the scattering of DM off leptons is mediated by a neutral spin-0 particle S the interaction Lagrangian takes the form
Since the neutral spin-0 mediator does not mix with the photon, the results obtained for the 
Neutral Spin-1 Mediator
When the interaction is mediated by a neutral spin-1 particle the relevant part of the Lagrangian takes the form L = λ χ 2χ γ ν cos θ + sin θγ 5 χV ν + λ 2μ γ ν cos φ + sin φγ 5 µV ν .
where the mixing angle θ parametrizes the relative strengths of the vector and axial-vector components of the DM interaction. The a µ bounds only depend on φ and not on θ. The direct detection and monophoton limits, on the other hand, depend on both θ and φ. As before, we pick the pure vector (θ = φ = 0) and the pure axial vector (θ = φ = π/2) cases for illustration. The axial-vector mediator does not mix with the photon, and so the direct detection bounds do not apply. Consequently, the limits are the same as for the complex scalar DM model shown in Fig. 9(a) .
For the vector-vector interaction, the leading logarithmically enhanced contribution to the direct detection scattering amplitude takes the form
where Λ V is the scale of new physics below which the mixing between the mediator and photon is generated. For concreteness we take Λ V = 1 TeV. The region favored by the muon g − 2 measurement, and constraints from direct detection and colliders is shown in Fig.   15 . For heavy mediator masses (m M ed > 208 GeV), LEP compositeness bounds rule out the entire region consistent with the muon g − 2 measurement. For light mediators, direct detection constraints are the most severe. These bounds can be avoided for DM masses below direct detection experiment sensitivity (m DM < 5 GeV), which leaves a window around for mediator masses between about 10 MeV and 300 MeV.
E. Real Vector DM
Charged fermion mediator
We conclude our analysis by considering real vector DM candidate χ ν . If the interactions of DM with leptons are mediated by a charged fermion we obtain the Lagrangian
The contribution to a µ for this case can be determined from (5) . This leads to 
with r = m χ /m F . We see from the sign of the contribution that this theory cannot explain the observed discrepancy in a µ .
This scenario is not expected to be significantly constrained by the current limits from direct detection. The monophoton analyses in the literature are also not applicable to this model. We plot the bound obtained by from a µ in Fig. 16 as a function of r. We find that
for small values of r the value of Λ is constrained to be fairly large. The weakest bound, around 220 GeV, lies close to r = 1.
Neutral Spin-0 Mediator
When mediation occurs through a neutral spin-0 scalar S we have the Lagrangian
There have been no monophoton studies performed on this model. There are also no significant constraints on this model from direct detection. Therefore, the analysis of a spin-0 mediator coupling to real scalar DM summarized in Fig. 7 also applies to this case. There are no CP -conserving renormalizable couplings of a pseudoscalar mediator with real vector DM.
VI. CONCLUSIONS
Within the WIMP paradigm, leptophilic DM offers a simple way to remain consistent with current collider, direct detection and indirect detection bounds. These models lead to corrections to the anomalous magnetic moment of the muon, and can potentially explain the observed discrepancy between the experimentally measured value and the SM prediction.
From our analysis, it follows that for many of the simplest leptophilic DM models, a large part of the parameter space which explains the anomaly is excluded by other experiments.
Nevertheless, there do exist limited regions of parameter space in these simple theories that can explain the observed anomaly while remaining consistent with current experimental bounds.
For some theories of leptophilic DM, the contribution to a µ has the wrong sign to explain the anomaly. This can be used to place limits on the parameter space of these theories.
We find that, at present, these limits are competitive with those from collider and direct detection experiments.
